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Abstract
We describe a hidden parameter inferencing algorithm for deducing the length,
width and vibration profile from images of thermally excited single-wall carbon
nanotubes. With accurate estimates of these parameters, the Young’s modulus can
be deduced. The algorithm is sensitive to shot noise in the image, primarily
because of the low nanotube image contrast. Noise causes the nanotube length
and width to be overestimated, and the vibration amplitude to be underestimated.
After correcting for shot noise, we infer an average value of the Young’s modulus
of Y = 1.20 ± 0.20 TPa, which is larger than the currently accepted value for
graphite.

Introduction
Carbon nanotubes have interesting physical properties because of their closed, seamless,
graphite-based structure (Dresselhaus et al., 1988). Their structural perfection suggests that
single-walled nanotubes may have greater strength and stiffness than conventional graphite
fibers, which tend to contain structural defects. Furthermore, there are theoretical predictions
suggesting that the Young’s modulus of the smallest diameter nanotubes, ≤ 1 nm, may be
significantly greater than that for planar graphite (Cornwell and Wille, 1997); (Hernandez et al.,
1998); (Overney et al., 1993); (Robertson et al., 1992); (Yakobson et al., 1996).
Although there is a range of quoted values in the literature, the in-plane Young’s modulus of
graphite is thought to be around 1 × 1012 Pa (i.e. 1 TPa) (Baker and Kelly, 1964); (Blakslee et al.,
1970); (Jacobsen et al., 1995); (Seldin and Nezbeda, 1970). Most measurements are made on

pyrolytic graphite, since large single crystals are hard to make. The Young’s modulus of
individual carbon fibers has been measured by studying their resonant vibration modes when
excited by a piezoelectric transducer (Jacobsen et al., 1995). Average values of Y = 0.68 TPa
were found. Typical carbon fibers contain many structural imperfections. Consequently, they
tend to have a lower effective Young’s modulus compared with graphite. However, it is well
known that even high quality pyrolytic graphite is not defect-free. Consequently, measurements
to-date may still be underestimates of the true Young’s modulus of graphite.
Single-walled carbon nanotubes are about 3 orders of magnitude smaller than typical carbon
fibers, and thus cannot be manipulated and measured as easily. Treacy et al. (Treacy et al., 1996)
showed that the Young’s modulus of multi-walled nanotubes could be inferred by measuring the
thermal vibration amplitude of freestanding nanotubes in the TEM. In that study, they found that

Y = 1.8 ± 0.8 TPa for multi-walled nanotubes. The wide spread in values was attributed mainly
to the uncertainty in determining the freestanding length since the true anchor point can not be
accurately determined from the 2-dimensional projection of a TEM image. In a follow-up report,
Krishnan et al. (Krishnan et al., 1998) used a similar technique to estimate the Young’s modulus
of single-walled nanotubes, and found a value of Y = 1.25 ± 0.2 TPa. In that work, Krishnan et
al. (Krishnan et al., 1998) developed a hidden parameter inferencing technique which improves
estimates of the nanotube dimensions and vibration amplitude, thereby obtaining more accurate
estimates of the Young’s modulus. Poncharal et al. (Poncharal et al., 1999) have recently shown
that by subjecting multi-walled nanotubes to high frequency AC electric fields, resonant
frequencies can be determined by observing the vibration modes in the TEM. They get values of
~1.2 TPa. Although this method allows accurate estimates of the length by observing more than
one resonant frequency, resonant frequencies are sensitive to any non-uniformity in mass
distribution along the length of the nanotube. In particular, any extraneous mass at the tip will
strongly reduce the resonant frequency. Poncharal et al. (Poncharal et al., 1999) proposed using
this frequency shift to measure very small masses using assumed values for the Young’s

modulus. Measurements made by atomic force microscopy on nanotubes draped across holes, or
lying on silicon supports, also suggest a value of ~1.0 TPa (Wong et al., 1997).
In this paper, we describe in more detail the hidden parameter inferencing technique that was
used in our previous report (Krishnan et al., 1998) for extracting the nanotube dimensions and
vibration amplitude. In this technique, we use our knowledge of the form of the vibration profile
to infer the most likely values of the nanotube freestanding length, its width and vibration
amplitude. Performing a least squares fit between the idealized image and the image data
optimizes these parameters. This technique is relatively insensitive to microscope imaging
conditions, but, because of weak image contrast, is vulnerable to shot noise.
We have presented elsewhere the theory of stochastically vibrating nanotubes (Krishnan et
al., 1998). Here we summarize the principle behind the measurement, and present a more
detailed description of the hidden parameter inferencing algorithm.

1. Thermal vibrations in freestanding nanotubes
For a freestanding multi-walled nanotube of length L, with inner and outer radii a and b
respectively, the mean square lateral thermal vibration amplitude σ 2 at the tip is given by
(Krishnan et al., 1998)

σ 2 = 0.4243

(
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)
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Y is the Young’s modulus. In the derivation of this formula, it is assumed that the nanotube
behaves like a clamped cantilever. The contributions from higher-order vibration harmonics are
included. A similar formula describes the vertical tip vibration amplitude. The vertical and lateral
motions are independent, and only the lateral motion is directly visible in micrographs. Because
the nanotube is a thermally activated stochastic oscillator, the time-averaged motion of the tip
P( y) has a Gaussian probability density (Krishnan et al., 1998)

P( y) =
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Typically, σ ≤ 0.5 nm, and the depth of focus of the objective lens is typically > 5 nm, thus
any additional image blurring due to the vertical motion in and out of the focal plane is small. In
principle, all the parameters L, a, b and σ can be measured directly off electron micrographs,
immediately giving the Young’s modulus Y, provided the temperature T is known. However, in
practice, the actual clamping point of the nanotube can not be determined accurately, introducing
an uncertainty in L. Also, the nanotube itself may not be perfectly horizontal, which means that
micrographs will portray a shorter projected length L(1 − cosθ ) , where θ is the angle from the
horizontal. On average, the nanotube length will be systematically underestimated. It is possible
to estimate θ by tilting the nanotube and studying how the projected length changes. Figure 1
shows an example TEM bright field micrograph of a single-walled nanotube vibrating at room
temperature. It is not clear where the nanotube is clamped. It can not be assumed that the
nanotube is clamped exactly at the point A where it projects past the support. There is also
uncertainty in the tip vibration amplitude because we do not have an unambiguous image of the
stationary portion of the nanotube near the clamped region to use as a reference. In addition, it is
assumed that the nanotube is uniform along its length. This assumption is reasonable for clean
single-walled nanotubes.
Equation (1) is valid only in the limit that b − a >> G , and is thus not valid for single-walled
nanotubes, where b = a . For single-walled nanotubes, a more appropriate expression is

σ 2 = 0.8486
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.
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Here, W is the width of the single-walled nanotube, and G is a parameter equal to the nominal
width of the nanotube wall. We believe that the value G ≈ 0.335 nm, the graphite interplanar
spacing, is a reasonable value to adopt.

Our task is to estimate Young’s modulus by studying a TEM image of a freestanding,
thermally excited, single-wall nanotube. We need to determine L, W, σ as accurately as possible.
The root mean square vibration profile σ ( x ) of a clamped nanotube fiber, at position x along its
length, is given to a good approximation by (Krishnan et al., 1998)

σ ( x) =

3σ ( L)  1 2 1 3 
Lx − x .
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(4)

σ ( L) is the root mean square (r.m.s.) vibration amplitude at the tip, x = L . The exact expression
for the r.m.s. vibration profile is relatively complicated and is computationally expensive; thus
equation (4) is the preferred form. As an aside, we note that equation (4) also describes the
bending profile of a nanotube that is pushed sideways by a point force at the tip.

2. Hidden parameter inferencing
In principle, the Young’s modulus Y, can be estimated from micrographs simply by
estimating the freestanding nanotube length L, its width W, and tip vibration amplitude σ ( L)
directly off a micrograph. However, as explained above, there are uncertainties in these values
because micrographs present a projection of the nanotube, introducing uncertainty as to the exact
location of the clamping point. Exploiting our knowledge of the nanotube vibration profile can
significantly reduce this uncertainty. By fitting the cleanest portion of the nanotube image to the
functional form in equation (4), we can extract the best set of values, L, σ ( L) and W, which fit
the data.
The algorithm is as follows.
1. Select a clean length of the nanotube image. In the example shown in Figure 1, the clean
region is denoted by the tick marks. There is no support material in the background and
the nanotube does not have any obvious detritus attached to it. The tip itself is excluded
from the selection since its structure is different from the shaft of the nanotube.

2. Rotate the selection so that the axis of the nanotube is either along x or y. We shall
assume x. To minimize corruption of the image data, we first expand the image by a
factor of 4 in each direction using a bi-cubic interpolation algorithm. Then the image is
rotated. Finally, the image is reduced by a factor of 4 back to its original scale. A good
test for data corruption is to reverse the process and compare the doubly rotated image
with the original data. In our case, we found that there was negligible difference. The
rotated, clipped region for the nanotube in Figure 1, is shown in Figure 3a.
3. We make a first guess as to the image intensity profile I0 ( y) at the stationary end (at
x = 0 ) of the nanotube. In all likelihood, the clamped x = 0 portion of the nanotube will
not be included in the selected portion of the nanotube image. A good first guess as to

I0 ( y) is obtained by averaging the nanotube intensity profile along y at the end nearer the
clamping point.
4. Using this approximation to I0 ( y) , we compute an image for candidate values of σ ( L)
and L. The image data that we are trying to match is assumed to be a section of the
nanotube located between the points x = x0 and x = x1 , where 0 ≤ x0 , x1 ≤ L . The
difference L − x1 represents the length of the excluded tip region. This is usually short
and can be estimated directly from the micrograph. Our unknown parameters are,
therefore, x0 and σ ( L) . The model image intensity profile I x ( y) is determined by
systematically smearing the stationary profile I0 ( y) as a function of x between

x0 ≤ x ≤ x1 . Thus,
x1
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5. The model image and the actual image are compared by subtracting one from the other
and summing the squares of the differences in pixel intensities. This sum provides a
goodness of fit. The goal is to minimize this difference by adjusting the assumed

profile I0 ( y) . We found that Powell’s method was an efficient algorithm for doing this
(Press et al., 1992).
6. Once the best fit has been determined, we then carry out a systematic dense grid search
over a wide range of values x0 and σ ( L) in search of the global best values. Once we
have x0 , we know L and the best profile y(0) . From y(0) we get the best estimate of the
width W of the stationary nanotube. These best-fit values, L, σ ( L) and W, are inserted
into equation (3) to yield a best-fit estimate of the Young’s modulus.
W was estimated by comparing the profile y(0) with multislice image simulations computed
by the MacTempas (Kilaas, 1988). Models of comparable diameter to the three nanotubes
studied here (W = 1.0 – 1.5 nm) were generated, and through-focal series of images were
simulated. For images close to the Scherzer focus, the darkest image features were found to
correspond closely to the outer walls of the nanotube. Thus, in our best-fit profile y(0) , the
distance between the two lowest intensity features was then equated with W. Unlike the estimates
of L and σ ( L) , the estimate of W is subjective. We estimate the accuracy of W to be better than
±5%.
The computed best fit for the data is shown in Figure 3b. The full length (x = 0 to L) of the
best-fit image I x ( y) is inserted into Figure 1, rotated so as to be parallel to the original image.
The best-fit length is about 40% longer than the length projecting beyond the edge of the
support, point A in Figure 1.

Results and discussion.
It is rare to find clean, isolated, single-wall nanotubes of the right length. Frequently,
nanotubes are part of larger rope bundles, or when isolated, are covered with small particles
(presumably carbon detritus) (Dujardin et al., 1998); (Guo et al., 1995); (Thess et al., 1996).
Frequently, isolated nanotubes are either too long, so that the free ends flail and twitch
erratically, or they are so short that the vibration at the free end is undetectable. Optimal singlewalled nanotubes are in the length range 10 nm ≤ L ≤ 100 nm. Three such nanotubes were

imaged using a Hitachi H9000 NAR operated at 100 kV. The lower accelerating voltage was
used to increase image contrast and to reduce beam damage. Bright field images were collected
using a Gatan model 690 slow-scan CCD camera, and processed using Digital Micrograph v2.5
software. Samples were imaged at room temperature at a magnification of ×180,000 at a nominal
dose rate of ~800 electrons.sec-1 .nm -2 . Graphite lattice fringes were used to calibrate the
microscope magnification. Typically, exposure times were adjusted to collect ~1000 counts per
pixel. Frequently, a second or third image of the same nanotube would be recorded to check for
any undesirable variations in the image with time, such as drift or a tilting of the nanotube. Each
nanotube received a total dose of about 20,000 electrons.nm-2 during the experiment, and there
was no obvious degradation.
The images of the three single-wall nanotubes were analyzed by our hidden parameter
inferencing method. These three nanotubes were chosen out of about 60 candidates because they
were isolated, clean, and did not flinch under the electron beam – implying that they were firmly
anchored and defect-free. The least squares fit yielded for these nanotubes the values shown in
Table 1.
An indication of the robustness of the hidden parameter inferencing algorithm can be
obtained by viewing the contour plot of the least square differences between simulated and data
images for the search grid of L and σ ( L) values. Figure 2 is the contour plot for the refinement
of nanotube 1. The contours reveal a “valley” aligned approximately parallel to the L axis. The
minimum value is located at L = 36.8 nm, σ ( L) = 0.33 nm. The first contour corresponds to an
increment in the least square difference of only ~0.15%. Thus this “valley” is more like a
shallow dimple. It appears from the relative shallowness of the contours along the L axis that the
length estimate is more vulnerable to error than the σ ( L) estimate.
For a clean nanotube, shot noise in the image is the largest contribution to the least square
difference between the computed image and data.
Figure 3 explores the impact of shot noise on the image of nanotube 1. Figure 3a shows the
original image data taken from Figure 1. Figure 3b is the best-fit simulation. The noise in the

original data is mostly shot noise, as deduced from the mean square difference per pixel between
the two images. Shot noise makes the walls of the nanotube appear rough, as can be confirmed
by adding noise to the smoothed best-fit simulation. Figures 3c, 3d and 3e show the best fit
simulation of Figure 3b with noise added, at signal-to-noise values of about 10, 5 and 1
respectively. The original data has an estimated signal-to-noise of around 1.3.
It is clear that increased noise acts to roughen the nanotube image. We need to define a
consistent measure of the noise. The contrast of the nanotube 1 image is around 4%, that is, C ≈
40 counts out of 1000. This is the signal. For a perfect CCD detector, the standard deviation of
the shot noise should be about N 1/ 2 , where N is the average number of counts per pixel. Thus,
for N = 1000, N 1/ 2 ≈ 30. However, the measured standard deviation with the specimen removed
is ~7.5 counts per pixel, about one quarter of the ideal value. This apparent reduction in noise
seems to be caused by imperfect transfer of contrast by the CCD detector due to leakage of
signal to adjacent pixels. The noise simulations of Figures 3c, 3d and 3e take into account this
contrast transfer characteristic. For convenience, the signal-to-noise we refer to here is C / N 1/ 2 .
The impact of this shot-noise induced image roughness on the best-fit L and σ ( L) values was
investigated. Table 2 shows how L, σ ( L) and Y change as a function of noise.
From Table 2, it is clear that decreased signal-to-noise tends to increase systematically the
estimated length and width of the nanotube, but with a concomitant decrease of the tip vibration
amplitude. The apparent lengthening occurs because noise interferes with the detection of
curvature in the nanotube vibration profile as a function of axial position x. Noise tends to make
the vibration profile appear linear with position x. The tip region of a vibrating nanotube has the
least bending curvature. Thus, with increasing noise, the data appears to be taken from near the
tip of a longer, broader, nanotube that is vibrating with smaller amplitude. The Young’s modulus
depends on these values as Y ∝ L3 W 3σ 2 ( L) , for W >> 0.335 nm. From the Table, we see that
the systematic errors in L, W and σ ( L) tend to cancel. Thus, for signal-to-noise values of 2 or
more, the error in the inferred Young’s modulus is small relative to the errors in L, W and σ ( L) .
For the simulated signal-to-noise of 1.3, corresponding to the conditions under which our data

were collected, Table 2 suggests that we have overestimated the Young’s modulus by about 5%.
With very noisy images, there is little difference detected in the intensity profiles from either
end, thus the nanotube appears increasingly to be stationary and straight, and hence stiffer.
This noise correction suggests that the single-walled nanotubes have a Young’s modulus of
around 1.20 ± 0.2 TPa, which is consistent with the value for graphite, 1.06 TPa.
Poncharal et al. (Poncharal et al., 1999) and Osakabe et al. (Osakabe et al., 1997) have
estimated Young’s modulus of fibers by measuring the natural vibration frequency modes. By
exciting the first two (or more) harmonics with high frequency radiation, the clamped length of
the fiber is readily estimated without having to guess the anchor point. However, the frequency
measurement method is likely to be sensitive to particulate contaminants that lie on the nanotube.
Contaminants will tend to weigh down the nanotube and depress the vibration frequency
(Poncharal et al., 1999). Contaminants will not have a large impact on the vibration amplitude,
unless they also happen to weaken the nanotube at the contact point.
It seems that an optimal microscopy method would be to use the induced harmonics to
estimate the clamped length, and to use the least-square image optimization to infer the best-fit
vibration profile. This approach will probably yield a more reliable clamped length estimate L
than that obtained by the least-squares image optimization alone. In the absence of specimen
drift, the accuracy of the vibration profile will undoubtedly improve if the image exposure time
is increased in order to enhance the signal-to-noise. When optimizing the vibration profile of a
dirty nanotube, those sections of the image containing contaminants should be masked so that
they do not corrupt the optimization.
Currently, the hidden parameter inferencing method described here has an accuracy of
around ±20% for Young’s modulus measurements. It is not too far-fetched that, with careful
experimentation, hidden parameter inferencing methods are capable of accuracy closer to ±5%.
With this level of accuracy, any dependency of Young’s modulus on nanotube diameter or
helicity may eventually be elucidated.
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Figure captions.

Figure 1: Single-walled nanotube 1. Thermal vibrations are evident by the slight blurring of the
tip relative to the base. Point A indicates a good starting guess for the anchor point of the
nanotube. However, the least squares best-fit image, inserted to the left, shows that the true
anchor point, 0, extends well into the support.

Figure 2: Contour plot showing the least square differences between simulated and data images
for a grid of L and σ ( L) values. The lowest contour level occurs at L = 36.8 nm, σ ( L) = 0.33
nm, which is taken to be the best overall fit. This point corresponds to a least square difference
per pixel of ~1000, which is consistent with the average signal-to-noise in the original image.
The contours are spaced by a least squares difference of around 1.5%.

Figure 3: a) Original clipped image of nanotube 1, taken from Figure 1 and rotated. This is the
image data set that was fit by the hidden parameter inferencing algorithm. b) Best-fit simulation
with L = 36.8 nm, σ ( L) = 0.33 nm. c) - e) Best-fit image with simulated noise added, with
signal-to-noise values of 10, 5 and 1 respectively.
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L (nm)

σ ( L) (nm)

W (nm)

Y (TPa)

Nanotube 1

36.8

0.33

1.50

1.33

Nanotube 2

24.3

0.18

1.52

1.20

Nanotube 3

23.4

0.30

1.12

1.02

Table 1: Inferred physical parameters for three optimal single-wall nanotubes.

Signal-tonoise

L (nm)

σ ( L) (nm)

W (nm)

Y (TPa)

∞

36.8

0.33

1.50

1.33

10

40.0

0.33

1.6

1.31

5

38.6

0.32

1.6

1.29

1.3

40.1

0.315

1.65

1.40

1

41.3

0.31

1.70

1.47

Table 2: Effect of shot noise on the inferred physical parameters.
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