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Abstract

We consider the problem of maximizing certainpositive rational func-
tions of a form that includes statisticalconstructssuchas conditional
mixture densitiesand conditional hidden Markov models. The well-
known Baum-Welchandexpectationmaximization (EM) algorithmsdo
not apply to rational functionsandaretherefore limited to the simpler
maximum-likelihood form of suchmodels.
Our main result is a general decomposition theorem that like Baum-
Welch/EM,breaks up eachiterationof themaximizationtaskinto inde-
pendentsubproblemsthataremoreeasilysolved– but applies to rational
functionsaswell. It extends thecentral inequality of Baum-Welch/EM
andassociatedhigh-level algorithmsto therationalcase,andreducesto
thestandardinequality andalgorithmsfor simplerproblems.

Keywords: Baum-Welch (forward backward algorithm),ExpectationMaximization(EM), hidden
Markov models(HMM), conditionalmixturedensityestimation,discriminative training,Maximum
Mutual Information(MMI) Criterion.

1 Introduction

Let
���������

be a directedacyclic graph(DAG) with 	 vertices 
�� ������ 
�� and � edges� � ������ ��� , having a singlesource 
�� andsink 
�� . A nonnegative parameterizedweight
function is associatedwith eachedge.Thevalueof asource-sinkpathis theproduct of the
weightsalongit. Thevalueof thegraph is thesumoverall source-sinkpaths,of eachpath
value.

We refer to sucha settingas a simpleproduct flow, and the NP-completeproblem of
maximizing the graph’s value over the weight function parameters[21] corresponds to
maximum-likelihood parameterestimationfor an HMM, mixture density, andothersta-
tistical models. We refer to the ratio of two simple product flows that sharethe same
parameterspaceasa rational product flow, andthemaximizationproblemcorrespondsto
conditional (discriminative)parameterestimation.Thatis, a rationalproduct flow consists
of two distinctgraphs. Its valueis thequotient of their values regarding eachasa simple
product flow. Typically thenumerator graph is a subgraph of thedenominator induced by
thelabelsprovidedin thesuperviseddiscriminativesetting.



Theedgeweightsarea function of a parameterspace� containing variable membersas
well as fixed ones. In statisticalmodeling the variables correspondto mixture element
probabilities,symbol output probabilities,statetransitionprobabilities, theparametersof
a Gaussiandensity, or othersuchmodel components.Thefixedparameterscorrespond to
the datainput to the estimationprocedure. In thesemodelsan individual edgeweight is
determinedby a singlemodel componentso that it dependson a subsetof thetotal setof
variable parameters– anddistinctmodelcomponents sharenovariables.

Our product flow settingis an abstractionof thesemodels andan equivalenceclasson
edgesassociateseachedge� with a weight function denoted ����� �"! , where # � � �

givesthe
equivalenceclassindex ranging from $ to % for edge � . Eachweight function �'& has
corresponding parameters � & andin general will be associatedwith many edges.In the
statisticalmodelswe’re abstracting, thevalueof a model componentalsodependson the
edgeitself. Soour weight function alsoacceptsthe index 	 � � �

of edge� asparameterto
capture this dependency. Theweightattachedto edge� is thenwritten �(��� �"! � �)��� �"! � 	 � � �*�

.
For brevity wewill write just � � � � � �

.

The value of a graph is computedin linear time by visiting verticesin topological order
andaccumulating partial resultsalong the way. This corresponds to the well-known +
computationof hidden Markov modelevaluationandreestimation[19, 12]. Thevalue +,&
recordedat eachintermediatevertex 
-& correspondsto thesumof all pathvaluesfrom the
sourceto thatvertex. Thesink 
�� is visitedlastandits value +.� is thatof theentiregraph.

Considering the DAG with all edgesreversedandperforming the samealgorithm corre-
sponds to the / computationof HMM reestimation. Hereeachvertex recordsthevalueof
all pathsfrom it to thesink,andthesource’s valueis thatof theentiregraph.

Let edge� connect vertex 
10 with 
32 andhaveweight � . Then 4 � is definedas +50��6/72�89+:� .
This corresponds to the 4 computation of HMM reestimation. If the edgeweightsare
interpretedasprobabilities of transitinganedge, then 4 � is theprobability thata random
source-sinkpathpassesthroughedge� .

TheBaum-Welch/EMoptimizationparadigmis iterative. Thevalueof thegraphis regarded
asa function of parameterset �<; , andthegoal is to maximize it. Theexisting parameter
setis denoted � andis regardedasafixedreferenceduring optimization. Basedon � each
iterationbegins with thecomputationof 4 valuesfor eachedge. Basedon these4 values,% subproblemsarethenspawned;onefor eachweightfunction.=> ?

argmax@BACED�GF���HJIG� & ! 4 ��K L3M � � � � ; � �3N OP ��Q5R $ ������ % (1)

The mathematics of Baum-Welch/EM tell us that any progressin oneor moreof these
subproblemswill strictly increasethevalueof thegraph.Thevalueof agraph is acomplex
interactionof edgevalues;eachdependentonaweight functionandontheedgeitself. The
factthatthetaskof optimizing agraph’s valuecanbedecomposedsoneatly, is in ourview
the essenceof the paradigm. All interactions are,in effect, sufficiently accountedfor by
the 4 computation.Commonly usedweightfunctionsincludediscreteprobability functions
andGaussiandensities.In bothcasessimpleandintuitive closed-form solutionsexist for
thesesubproblems– contributing to thepopularity of theparadigm.

Ourpaper extendstheparadigm to rational settingsconsistingof anumeratoranddenomi-
natorgraph, where SUT �WVX�

and SZY �WVX�
denote thecorresponding edgeclassfunctions. The-

orem2 is our mainresult. Its equation3 extendsequation1 to therationalcaseby adding
a secondterm. Our extensioncleanlyaddressestheissueof decomposition, but we know
of nosimpleclosed-formsolutionsfor thesubproblemsthatcomparewith thoseof Baum-
Welch/EM.General functionalmaximizationtechniquesmaybeusedandspecializedtech-
niques representaninterestingareafor futurework.



Thereis a long history of developments relatedto our work. The analysisof [3] marks
the generally acceptedbeginning of the Baum-Welch/EM paradigm andhidden Markov
modeling. Essentiallythesamemathematical ideais foundin [9] which introducesEM in
thespecificcontext of maximumlikelihood mixturedensityestimation.For completeness
we remarkthat this ideacanmoregenerally beviewedasa projection operation with re-
spectto Kullback-Leibler distance[16, 7] under Bregman’s general framework for convex
optimization [6]. This framework is closelyrelatedto the laterwork of I. Csisźar andG.
Tusńady[8] andgeneralizesthemuch earlierwork of [1, 18] andalso[10, 5].

Interestin alternative estimationcriteria hasgrown in recentyearsand [2] is a notable
earlymilestonein this development.Viewing thesemoredifficult problemsin thecontext
of polynomials[11] generalizesBaum-Welch/EMthrough anembeddingthatreducesthe
rationalproblemto aconventional one.Otherwork in theareaincludestheECM algorithm
[17], HierarchicalMixtures of Experts [15], the CEM algorithm [13], andmost recently
[14]. Like [11] we consider theproblem at anabstractlevel, but directlyderivea different
inequality anddecompositionresultfor therationalcase.

JebaraandPentlandin [13] (Equation 7) exploit the inequality K L3M\[^]_[a` $ to obtaina
decompositionresultfor simplemixture densities,wheretherationalform correspondsto
thea posteriorilikelihood of a labeleddataset.Notethatthroughoutthispapernaturallog-
arithmsareassumed.Our contribution is theapplication of this sameinequalitytogether
with theinequality of lemma3 togiveanabstractandgeneral decompositionresult.Ourre-
sultapplies to all modelsweareawareof within thehidden Markov model class– to which
mixture densitiesbelong asa simpleinstance.For mixture densities,our decomposition
reducesto theirs.

Our resultsarepresentedabstractly, ratherthanin thespecificcontext of probability mod-
eling. Wesuggestthattheutility of thisabstraction is i) to makeclearthattheresultapplies
beyond conventional models to noncausalconstructions or thosewith penaltyfunctions,
andii) to provide a simplegraph-orientedframework thatmakesit easierto reasonabout
complex models.Theorigin of thisoutlook is [20, 21] wherethedevelopment is limited to
thesimple(nonrational)case.

2 Rational Decomposition

Lemma 1 Let b R [ � ������ [ 0 be positivevalueswith sum c , and bd; R [ ; � ������ [ ;0 be
another vectorof positivevalues. Let e & R [ & 8�c . Then:KfL�M [ ; �\g �� g [ ;0[ � g �� g [ 0 R e5�ih [ ; �[ � ` $�j g �� g ek0lh [ ;0[ 0 ` $�jm npo qr �fsut s A ! gUv � b � b ; � (2)

where v � b � bw; � ]yx andis equalto zero when b R bz; , and { � b � b|; � is definedasthe
bracketedtermsabove.

proof: Fromtheelementary inequality KfL�M�},]~})` $ with equalityat } R $ wehavethat:K L3M [ ; � g �� g [ ;0[ � g �� g [ 0 R [ ; � g �� g [ ;0[ � g �� g [ 0 ` $ g^v � b � b ; �
and [ ; � g �� g [ ;0[ � g �� g [ 0 ` $ R [ ; �[ � g �� g [ 0 g �� g [ ;0[ � g �� g [ 0 ` $R e.�)h [ ; �[ � ` $�j g �� g e:0lh [ ;0[ 0 ` $�j�



Lemma 2 (Baum et al.) Giventhesettingof Lemma1KfL�M [ ; ��g �� g [ ;0[ � g �� g [ 0 R e � KfL�M [ ; �[ � g �� g e 0 K L3M [ ;0[ 0m n�o qr �fsut s A ! g e � b � b ; �
where e � b � bw; ��� x andis equalto zero when b R bd; , and { � b � b|; � is definedasthe
bracketedtermsabove.

proof: For completenesswerecastherethewell-known elegant prooforiginatingwith [4]
into our framework. Let c ; R�� 0& � � [ ; , and e ;& R [ ;& 8�c ; . We mustshow that K L3M c ; 83c R{ � b � b�; � g e � b � b�; � , satisfyingtheconditionsof thelemma.Now:

K L3M c ; 8�c R KfL�M c ; `|KfL�M cR 0D &f� � e:& K L3M c ; ` 0D &f� � e:& K L3M cR 0D &f� � e & K L3M � [ ;& 89e ;& � ` 0D &f� � e & K L3M � [ & 89e & �R 0D &f� � e:& K L3M � [ ;& 8 [ & � g 0D & � � ek& KfL�M � e:&"89e ;& �m npo qY �f����� A !
where� � e���e�; � is theKullback-Leiblerdistance[16, 7] betweenstochasticvectors e andei; , which is alwaysnonnegative andhasvaluezerogiven equalarguments.

�
Theprevious two lemmasgive opposingboundsandarecombined in thefollowing theo-
rem,which is thefirst steptowarddecompositionof our rationaloptimization problem.

Theorem 1 Let [ � � �U; �p������ [ 0 � �U; � denotea setof positivescalar functionswith domain
consistingof values �l; from someparameterspace. Let } � � �U; �p������ } 2 � �U; � besimilarly
defined. Next let � denote any fixed referenceset of parametervalues. Finally definee:� C R [ & � � � 8 � 0&f� � [ & � � �

, anddefine e\� C similarly. Then:

K L3M [ � � � ; � g �� g [ 0 � � ; �} � � � ; � g �� g } 2 � � ; � R 0D & � � ek� C KfL�M [ & � � ; �[ & � � � ` 2D & � � ek� C h } & � � ; �} & � � � ` $�j g S s�� � � � g^� s�� � � ; � � �R { s � � � � ; � ` { � � � � � ; � g S s�� � � � g^� s�� � � � � ; �
where � s�� � � � �U; ��� x , andis zero when �l; R � , and S s�� � � �

is constantwith respect
to �U; .
proof:K L3M [ � � �U; � g �� g [ 0 � �U; �} � � � ; � g �� g } 2 � � ; � R K L3M [ � � �U; � g �� g [ 0 � �U; �[ � � � � g �� g [ 0 � � � `�K L3M } � � �U; � g �� g } 2 � �U; �} � � � � g �� g } 2 � � � g S sZ� � � �
where S sZ� � � �'R K L3M�� � [ � � � � g �� g [ 0 � � �*� 8 � } � � � � g �� g } 2 � � �����

, and lemmas1
and2 applyto thefirst two termsgiving:K L3M [ � � �U; � g �� g [ 0 � �U; �} � � � ; � g �� g } 2 � � ; � R { s � � � � ; � ` { � � � � � ; � g S sZ� � � � g e s � � � � ; � ` v � � � � � ; �m n�o q���7� � @ t @ A !�



Eachterm [ & and} & of theorem1representsthevalueof asource-sinkpathwithin theDAG.
This valueis the product of edge contributions alongit. To decomposethe optimization
problem ourobjective is to rewrite eachsuchproduct asa sumof edgecontributions.This
happensnaturallyandexactlyfor the { functionsinceit is expressedin termsof logarithms.
But the { function is more difficult and we will give a sum decompositionthat upper
boundstheactualproductvalueandcontactsit whenall termsareequal.

Lemma 3 Given positive values 
 � ������ 
9� , then
� � &f� ���p�C� � � � & � � 
�&

proof: Sincethearithmeticmeanis alwaysgreaterthanor equalto thegeometric mean

we have:
� � &f� � �p�C� � �� � � &f� � 
 �& R�� �& � � 
�& . �

Theorem 2 (Main Result) Let % denote the number of weight functions that occur in a
givenrational product-flow problem,and � denotethe lengthof thedenominatorgraph’s
longestsource-sinkpath. Thenincreasingthevalueof anyof the % separatesubproblems
below, increasesthevalueof mainproblem.=> ?

argmax@�AC��  D��F�� HJI¡ � & ! 4 � K L3M � � � � ; � � ` D��F�� HJI¢ � & ! 4 �� h � � � �U;� �� � � � � � j�£W¤¥ N OP �*Q5R $ ������ % (3)

proof: Weassumewithout lossof generality thatall source-sinkpathsin thedenominator
DAG areof exactly length � . This is justifiedbecauseanequivalent regularizedDAG that
hasthis property caneasilybeconstructedby insertingnew dummy vertices,anddummy
edgeswith constantunity weightasneededto stretchany shortpaths.

Next considera source-sinkpath
Q

in the denominatorgraph andlet
� & denote the setof

edgesalongit. Let thevalueof thispathcorrespondto asingleterm } & of theorem1. Then:

e:� C h } & � �U; �} & � � � ` $�j R ek� C6¦(§��F3¨ C � � � �U;� �� � � � � � ` $�©
] D��F3¨ C ek� C� h � � � � ; � �� � � � � � j £ ` ek� C (by lemma3)

Now eachedge� in thedenominatorgraph occurs in many source-sink paths.Summing
the e5� C over all pathspassingthrough edge� yields 4 � . Thenobserving thatthesubtraction
of e � C doesnotaffect theoptimizationyieldstheadditive term:4 �� h � � � �U;� �� � � � � � j�£
for eachedge.Startingfrom lemma2, which is appliedto thenumeratorgraph, andsum-
mingoverall pathscontaining anedge� yieldstheadditive term 4 �-K L3M � � � �U;� �

. Subtract-
ing thedenominatortermabove from this,andgroupingby weightfunction completesthe
proof.

�



3 Discussion

UsingBaum-Welch/EM, multiple observationsaredealtwith by addingtheir correspond-
ing { functions.Thesameis truein ourmoregeneral rational settingby adding{ aswell.
TheDAG depth � is thenrelatedto thecomplexity of processingof a singleobservation.
For simplemixture models� R«ª

(seeexplanationbelow), andfor HMMs � R«ª9¬
where¬

is thenumberof timeserieselementscomprisingasingleobservationin thetrainingset.

The DAG for a simplemixture densityis easilydescribed. Eachof the edgesoutbound
from thesourceselecta mixture component,andeachedge’s weight is theprobability of
thatcomponent. Eachedgethenleadsto aninterior vertex with in-degreeone. Fromthat
vertex a singleoutboundedgeleadsto thesink. Its weight is theobservation’s probability
given the corresponding densityfunction. Hence � Rª

for mixture densitiessinceall
source-sinkpathsareof this length.

Soour resultgives a new form of CEM [13] wherebothmixturecoefficientsanddensity
models areoptimizedin a singlestep. If they aretrainedone-by-one, then � R $ andour
decompositionis equivalentto Equation7 of [13].

Returningto morecomplex modelssuchasHMMs, we remark thatif a singleobservation
is madeup of a long seriesof elements, then � canbecomeprohibitively largeandreduce
thestepsizethat is possibleusingour results.There aretwo general strategiesthatmight
beusedto combatthiseffect: 1) break-upasingleiterationinto subiterationsthatoptimize
weight functions one-by-one ( � R $ ), or in groups; in both casesrecomputing 4 values
betweensubiterations,2) develop anadaptivealgorithm thatsearchesfor a reduced � value
thatneverthelessallows theoptimizationto makeprogress.

At ourlevelof abstractionlittle canbesaidregardingconvergence.Wedoknow thatstrictly
greaterproduct-flows will resultgiven strict progressin any of thesubproblems,sothat if
theflow valueis bounded(asit is for any probability model) thenconvergenceof thisvalue
is ensured. But this doesnot imply convergenceof modelparameters. Sayingmoreabout
this requiresthatsomethingmorebeassumedabout theweightfunctionsthemselves, and
is beyond thescopeof this paper.

It mustbesaidthatby extending to therationalcaseweleavebehindasplendidpropertyof
conventional Baum-Welch/EM.Namely, thatfor common weightfunctionssuchasnormal
densitiesor discreteprobability functions, thesubproblemsresultingfrom decomposition
have globally optimalsolutionsthataretrivially computed in closedform. Still, efficient
approachesdosometimesexist. In [13] theauthors considersimplemixturesof unnormal-
izedGaussians,anddo not attemptto train all parameterssimultaneously. Theresultis a
practicalprescription for this setting. General techniquesfor subproblemoptimization is
aninterestingareafor future work, but is beyondthescopeof this paper.

Still, our work cleanlysettlesthe issueof decompositionat a level of generality that in-
cludesall discrete-statemodelsthattheauthoris awareof within thehiddenMarkov family.
In additionwesuggestthatourgraph-basedproduct-flow outlookmakesit easierto reason
about complex modelsandsee,for example,thattheparadigm’sdecompositionmathemat-
ics apply directly to variations including noncausal models,andpenalizedconstructions
thatimposesoftparsimony constraintssuchasMDL andMAP.
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