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Abstract

We consicer the prodem of maximizing certainpositive rationalfunc-
tions of a form that includes statisticalconstructssuch as corditional
mixture densitiesand conditioral hidden Markov mockls. The well-
known Baum-Welchandexpectationmaximizatian (EM) algorittms do
not apply to rational functions and are therefae limited to the simpler
maximum-likelihood form of suchmodés.

Our main resultis a genera decanpositiontheoem that like Baum-
Welch/EM, breals up eachiterationof the maximzationtaskinto inde
pendentsubpoblemsthataremoreeasilysolved— but appgies to rational
fundionsaswell. It exterdsthe centrd inequdity of Baum-Welch/EM
andassociatedhighdevel algaithmsto the rationalcase andrediwcesto
thestandardnequdity andalgoithmsfor simplerprodems.

Keywords: Baum-Welch (forward backward algorithm), ExpectationMaximization (EM), hidden
Markov models(HMM), conditionalmixture densityestimation discriminatize training, Maximum
Mutual Information(MMI) Criterion.

1 Introduction

Let (V, E) be a directedagyclic graph(DAG) with n verticesvy,...,v, andm edges
e1,---,em, having asinglesour@ v; andsinkv,,. A nonregative paraneterizedweight

function is associatedvith eachedge.Thevalueof a source-sinlpathis the prodict of the

weightsalongit. Thevalueof thegraph is thesumoverall sour@-sinkpaths,of eachpath

value.

We refer to sucha settingas a simple prodict flow, and the NP-completeprablem of

maximizirg the graphs value over the weight function paraneters[21] correspadsto

maximunm-likelihood paraneterestimationfor an HMM, mixture dersity, and other sta-
tistical modds. We refer to the ratio of two simple product flows that sharethe same
paraneterspaceasa rational produd flow, andthe maximzation problemcorrespadsto

condtional (discriminative) parameteestimation.Thatis, arationalproduct flow consists
of two distinctgraghs. Its valueis the qudient of their values regarding eachasa simple
product flow. Typically the numer#or graph is a subgrap of the denoninatorinduced by

thelabelsprovidedin the superiseddiscrimirative setting.



The edgeweightsare a function of a parametespace¥ containirg variade membersas
well asfixed ones. In statisticalmockling the varialles correspondto mixture element
prokabilities, symbad outpu prokabilities, statetransitionprobabilities, the paranetersof
a Gaussiardensity or othersuchmodé compnents.The fixed paraneterscorrespad to
the datainput to the estimationprocedure. In thesemodelsan individual edgeweight is
determired by a singlemocdel compmentsothatit depemnls on a subsebf the total setof
variabe paraméers—anddistinctmodelconponens shareno variables.

Our prodict flow settingis an abstractionof thesemockls and an equivalenceclasson

edgesassociategachedgee with a weightfundion dended w .(.), wherec(e) givesthe
equialenceclassindex rangng from 1 to k for edgee. Eachweight function w; has
correspndirg paraneters¥; andin geneal will be associatedvith mary edges.In the
statisticalmockels we're abstractingthe valueof a model compmentalsodepaédson the

edgeitself. Soourweightfunction alsoacceptsheindex n(e) of edgee asparaneterto

captue this dependeny. Theweightattachedo edgee is thenwritten w ) (¥ (), n(e)).

For brevity we will write justw, (¥.).

The value of a gragh is computedin lineartime by visiting verticesin topdogical order
and accumlating partial resultsalongthe way. This correspadsto the well-known «
computationof hidden Markov modelevaluation andreestimatiofiL9, 12]. Thevaluea ;
recorabd at eachintermediatevertex v; correspondgo the sumof all pathvaluesfrom the
sourceto thatvertex. Thesinkw,, is visitedlastandits valuea,, is thatof theentiregraph.

Considerilg the DAG with all edgesreversedand performing the samealgorithm corre-
spond to the 3 computationof HMM reestimationHereeachvertex recodsthe valueof
all pathsfrom it to the sink, andthe sources$ valueis thatof theentiregraph.

Let edgee connet vertex v, with v; andhave weightw. Then~, is definedasa,wfs /.
This correspadsto the v computation of HMM reestimation. If the edgeweightsare
interpretedas prokabilities of transitingan edge then+.. is the prabability thata randan
sourcesink pathpasseshrough edgee.

TheBaum-Welch/EMoptimizationparadgmis iterative. Thevalueof thegraphis regarded
asafundion of paraneterset¥’, andthe goalis to maximze it. The existing paraméer
setis dended ¥ andis regardedasa fixedrefererre during optimization Basedon ¥ each
iterationbegins with the conputationof v valuesfor eachedge Basedon thesey values,
k subpoblemsarethenspavned; onefor eachweightfunction

algmaxy, Y Yelogw (W) p,i=1,....k @
e€c—1(7)

The mathenatics of Baum-Welch/EM tell us that ary progressin one or more of these
subpoblemswill strictly increaseahevalueof thegraph.Thevalueof agraphis acomple

interactionof edgevalues;eachdepenlentonaweigtt functionandontheedgeitself. The

factthatthetaskof optimizing agraphs value canbedecanposedsoneatly is in our view

the essencef the paradgm. All interactios are,in effect, sufiiciently accountedfor by

they compuation. Commaly usedweightfunctionsinclude discreteprabability functions

andGaussiardensities.In both casessimpleandintuitive closedform solutionsexist for

thesesubprdlems— contiibuting to the popuarity of the paradign.

Our paper exterdsthe paradign to ratioral settingsconsistingof anumeatoranddenoni-

natorgraph whereC'n () andCp(-) dende the corresponihg edgeclassfundions. The-
orem2 is our mainresult. Its equation3 exterds equationl to therationalcaseby addirg

a seconderm. Our extensioncleanlyaddressethe issueof decanposition but we know
of nosimpleclosed-brm solutionsfor the subpoblemsthatcomparewith thoseof Baum-
Welch/EM.Geneal functionalmaxmizationtechniqesmaybeusedandspecializedech-
nigues representaninterestingareafor futurework.



Thereis a long history of developmets relatedto our work. The analysisof [3] marks
the geneally accepteddeginning of the Baum-Welch/BM paraligm and hidden Markov
modding. Essentiallythe samemathenaticalideais foundin [9] whichintroducesEM in
the specificcontext of maximumlik elihoad mixture densityestimation.For competeness
we remarkthatthis ideacanmoregenerly beviewedasa projectian operatim with re-
spectto Kullbackd eibler distancq16, 7] unde Bregman'’s geneal framework for convex
optimizatian [6]. This framawork is closelyrelatedto the laterwork of I. Csisar andG.
Tusrady[8] andgenertizesthe much earlierwork of [1, 18] andalso[10, 5].

Interestin alternatve estimationcriteria hasgrown in recentyearsand[2] is a notable
early milestonein this development. Viewing thesemoredifficult prablemsin the context
of polynomials[11] genealizesBaum-Welch/EMthrough anembeldingthatreduesthe
rationalprablemto a conventioral one.Otherwork in theareaincludes the ECM algorithm
[17], HierarchicalMixtures of Experts[15], the CEM algorithm [13], andmostrecettly
[14]. Like[11] we consicerthe prodem at anabstractevel, but directly derive a different
inequality anddecompsitionresultfor therationalcase.

JebareandPentlandn [13] (Equatio 7) exploit theinequality logz < = — 1 to obtaina
deconpositionresultfor simplemixture densitieswheretherationalform correspadsto
thea posteriorilikelihoad of alabeleddatasetNotethatthroudhoutthis papematurallog-
arithmsareassumed Our contribution is the application of this sameinequalitytogetter
with theinequality of lemma3 to give anabstracindgeneal decompsitionresult. Ourre-
sultapgiesto all modelswe areawareof within thehhidden Markov mockl class—to which
mixture densitiesbelorg asa simpleinstance.For mixture dersities, our deconposition
redu@sto theirs.

Ourresultsarepresetedabstractlyratherthanin the specificcortext of prokability mod

eling. We suggesthattheutility of thisabstractio isi) to make clearthattheresultapplies
beyond conventioral modés to norcausalconstructims or thosewith penaltyfunctions,

andii) to provide a simplegraph-orientedframework that makesit easierto reasorabait

compex models.Theorigin of this outlod is [20, 21] wherethedevelopmeri is limited to

thesimple(noniational)case.

2 Rational Decomposition

Lemmal LetX = z4,...,z, bepositivevalueswith sumS, and X' = zi,...,z. be
anotter vectorof positivevalues. Let P; = z;/S. Then:
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whee N (X, X') < 0 andis equalto zeo whenX = X', andQ(X, X') is defiredasthe
bracketedtermsabove

proof: Fromtheelementay inequdity logy < y — 1 with equalityaty = 1 we havethat:
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Lemma 2 (Baumetal.) Giventhesettingof Lemmal

o w; ,
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where P(X, X') > 0 andis equalto zeo whenX = X', andQ(X, X') is defnedasthe
bracketedtermsabove

proof: Forcompletersswe recasherethewell-known elegant proof originatingwith [4]

into our framework. Let S’ = Y7, #', and P} = z}/S’. We mustshaw thatlog S'/S =
Q(X,X") + P(X, X"), satisfyingthe condtions of thelemma.Now:

log S'/S

logS' —log S

= ZPilogS’ —ZPilogS
i=1 i=1

= ZPilog (x}/P]) — ZPilog (zi/P)
i=1 i=1

= ZPilog (z/z;) + Z-Pilog(Pi/PiI)
i=1 i

i=1
N _
~~

D(P||P")

whereD(P||P’) is theKullback-Leiblerdistancq16, 7] betweerstochastieectas P and
P', whichis alwaysnonregative andhasvaluezerogiven equalarguments. O

The previous two lemmasgive opposingbourds andarecombiredin the following theo-
rem,whichis thefirst steptowarddecompsitionof our rationaloptimizaion problem.

Theorem 1 Letz(9'),...,z.(¥") denotea setof positivescalar functicns with doman
consistingof values?’ from someparameterspace Lety, (¥'),...,ys(¥') besimilarly
defired. Next let ¥ dende any fixed refelenceset of parametervalues. Finally defire
Py, = z;(V)/ Y1, z;(¥), anddefire P, similarly. Then:

! i r i s Nardy
tog ) o8 (V) g p g, TilT) _§np (y’(‘l’)—1)+0XY(m)+BXY(m',xp)
i=1

i(¥
g1 (W) + -+ () z:(¥) yi(¥)
= Qx(T,¥)—Qy(¥,¥') + Cxy(¥) + Bxy (¥, ¥')

where Bxy (¥, ¥") > 0, andis zeo when¥®’' = ¥, andCxy (¥) is constantwith respect
to ¥,

pr oof:
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whereCxy (¥) = log[(z1(T) + ...+ 2-(¥))/(y1(T) + ... + ys(P¥))], andlemmasl
and2 applyto thefirst two termsgiving:

(V) + ... 4z (V) _ N 7 ' ' '
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Eachtermz; andy; of theoem1 represets thevalueof asour@-sinkpathwithin theDAG.
This valueis the product of edge contritutions alongit. To deconposethe optimization
prodem our objective is to rewrite eachsuchprodict asa sumof edgecontibutions. This
happensnaturallyandexactlyfor the@ functionsinceit is expressedn termsof logarithms.
But the () function is more difficult and we will give a sum decanpositionthat upger
bourdstheactualproductvalueandcontactst whenall termsareequal.

t
i

Lemma3 Given positive values wvq,...,v¢, then Z:Zl% > H;Zlvi

proof: Sincethe arithmeticmeanis alwaysgreaterthanor equalto the geometic mean
Lt B t t
wehave: 7, 5 > (/T[imq vt =[[;= vi. O

Theorem 2 (Main Result) Let & derote the numler of weightfunctiors that occurin a
givenrationd produd-flow problem,and ¢ denotethe lengthof the derominatorgraph's
longestsourcesink path Thenincreasingthe valueof any of the k sepaate subpoblems
below increaseghevalueof mainproblem.

Y logwe(wy - Y T we(¥5)\ ' i=1,....k (3)
- ’YE g e e - e we (‘I’e) 7 PR
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{argmaxl,;

proof: Weassumavithout lossof genertity thatall sourcesink pathsin thedenoninator
DAG areof exactly length/. Thisis justified becausen equivalent reguarized DAG that
hasthis propety caneasilybe constructedy insertingnen dumny vettices,anddummy
edgeswith constanunity weightasneeadto stretchary shortpaths.

Next considera source-sinkpaths in the denaninatorgrafh andlet E; dende the setof
edgesalongit. Let thevalueof this pathcorrespndto asingletermy ; of theoreml. Then:

@ we()
ny(yi@) 1) = (eH,we@e) 1)

Y.
Y (Swg) ~n ytenma

Now eachedgee in the denoninator gragh occus in mary sourcesink paths. Summirg
the P, over all pathspassinghroudh edgee yields~y,.. Thenobsering thatthesubtractio
of Py, doesnotaffecttheoptimizationyieldsthe addtive term:

Ye [we(¥e) ‘

£ \we(P,)
for eachedge.Startingfrom lemmaz2, which is appliedto the numeratorgragh, andsum-
ming over all pathscontainirg anedgee yieldsthe additve term-y, log w, (¥'). Subtrat-

ing thedenoninatortermabove from this, andgrowping by weightfunction completeghe
prod. O



3 Discussion

Using Baum-Welch/EM multiple obserationsaredealtwith by addingtheir correspad-
ing Q functions. Thesameis truein ourmoregeneal rationd settingby addingQ aswell.

The DAG depth/ is thenrelatedto the compleity of processingof a singleobseration.
For simplemixture models? = 2 (seeexplanationbelow), andfor HMMs ¢ = 2T where
T is thenumler of time serieselementsomprising asingleobserationin thetrainingset.

The DAG for a simple mixture densityis easilydescribd. Eachof the edgesoutbaind
from the sourceselecta mixture compmnent,andeachedges weightis the probability of
thatcompment. Eachedgethenleadsto aninterior vertex with in-degree one. Fromthat
vertex a singleouthoundedgeleadsto the sink. Its weightis the obseration’s prabability
given the correspondimg densityfunction. Hence/ = 2 for mixture densitiessinceall
sourcesink pathsareof thislength.

Soourresultgives a new form of CEM [13] whereboth mixture coeficients anddensity
modds areoptimizedin a singlestep. If they aretrainedone-ly-ore, then? = 1 andour
deconpositionis equivalentto Equation7 of [13].

Returningto morecomplex modelssuchasHMMs, we remak thatif asingleobseration
is madeup of along seriesof elemetts, then’ canbecane prohbitively large andrediwce
the stepsizethatis possibleusingour results. Thele aretwo geneal stratgjiesthat might
beusedto combatthis effed: 1) breakup asingleiterationinto subiteationsthatoptimize
weight functiors one-ly-ore (¢ = 1), or in grougs; in both casesreconputing v values
betweersubiteratios, 2) develop anadaptie algorithm thatsearche$or arediwced? value
thatneverthelessallows the optimizationto make progess.

At ourlevel of abstractioittle canbesaidregadingconvergerce. We doknow thatstrictly
greatemproduct-flaws will resultgiven strict progessin ary of the subpoblems,sothatif

theflow valueis bourded(asit is for any probability mocel) thenconvergenceof this value
is ensured But this doesnotimply convergenceof modelparametes. Sayingmoreabaut
this requiresthatsomethingnorebe assumedbaut the weightfundionsthemseles, and
is beyond the scopeof this pape.

It mustbesaidthatby extendng to therationalcasewe leave behindasplendidproperty of
conventioral Baum-Welch/EM.Namely thatfor comman weightfunctionssuchasnomal
densitiesor discreteprobaility functions,the subprdlemsresultingfrom deconposition
have globally optimal solutionsthat aretrivially compued in closedform. Still, efficient
appr@achesdo sometimesxist. In [13] theauthos considesimplemixturesof unnamal-
ized Gaussiansanddo not attemptto train all paraméerssimultaneasly. Theresultis a
practicalprescripion for this setting. Geneal technquesfor subpoblemoptimization is
aninterestingareafor future work, but is beyondthe scopeof this paper

Still, our work cleanly settlesthe issueof decanpositionat a level of generdty thatin-

cludesall discrete-statenocelsthattheauthoris awareof within thehiddenMarkov family.

In additionwe suggesthatour gragh-basegroduct-flov outlookmalkesit easierto reason
abou complex mocelsandsee for exanple, thatthe paradign’s decompsitionmathenat-

ics apply directly to variatiors includng noncasal models,and penalizedconstructiois
thatimposesoft parsimory constraintsuchasMDL andMAP.
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